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Abstract 

The series 6{q, x) := converges for q G [0,1), a; G M, and defines a partial 

theta function. For any fixed q G (0,1) it has infinitely many negative zeros. For q taking one 
of the spectral values gi, 52, • ■ • (where 0.3092493386 .. . = qi < q 2 < ■ ■ ■ < 1, limj_,.oo fj = 1) 
the function 9{q,.) has a double zero yj which is the rightmost of its real zeros (the rest of 
them being simple). For q 7^ ijj the partial theta function has no multiple real zeros. We 
prove that tjj = I — 7r/2j + (logj)/8j^ + 0(l/j^) and pj = —e’^e“0ogi)/4t+O(i/i) ^ 
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1 Introduction 

Consider the bivariate series 9{q,x) := each fixed q of the open unit disk 

it defines an entire function in x called a partial theta function. This terminology is explained 
by the fact that the Jacobi theta function is the sum of the series X^^-cxd ^'^d one has 
d{q‘^,x/q) = Yl'jLo q^^x^. There are different domains in which the function 9 finds applications: 
asymptotic analysis (H), statistical physics and combinatorics ([E]), Ramanujan type g-series 
(HZ!) and the theory of (mock) modular forms ([3]). See also [T] for more information about 
this function. 

The function 9 satisfies the following functional equation: 

9{q,x) = 1 + qx9{q,qx) (1) 

In what follows we consider q as a parameter and x as a variable. We treat only the case 
q G (0, 1), X G M. For each fixed q the function 9{q,.) has inhnitely many negative zeros. (It 
has no positive zeros because its Taylor coefficients are all positive.) There exists a sequence of 
values qj of q (called spectral values) such that 0.3092493386 ... = qi < q 2 < ■ ■ ■ (where qj ^ 1~ 
as j —>■ 00 ) for which and only for which the function 9{q ,.) has a multiple real zero yj (see |12j 
and M)- This zero is negative, of multiplicity 2 and is the rightmost of its real zeros. The rest 
of them are simple. The function 9{qj ,.) has a local minimum at yj. As q increases and passes 
from qJ to q^, the rightmost two real zeros coalesce and give birth to a complex conjugate pair. 

The double zero of 9{qi, .) equals —7.5032559833.... The spectral value qi is of interest in 
the context of a problem due to Hardy, Petrovitch and Hutchinson, see [I]) [H]) [5|; [I3|, IS] 
and m- The following asymptotic formula and limit are proved in m- 

g- = 1 - 7r/2j -G o(l/j) , lim yj = -e^ = -23.1407... (2) 

J^OO 
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In the present paper we make this result more precise: 
Theorem 1. The following asymptotic estimates hold true: 


where 


qj = 1 - 7r/2j + (log j)/8j^ + h/f + o{l/f) 


Vj 


_g7''g-(logi)/4i+a/i+o(l/i) 


( 3 ) 


5 E [1.735469700... ,3.327099360...] and a = -tt/A- 2h + /A 


hence a E [-4.972195782 ... , -1.788936462 ...] . 

The hrst several numbers yj form a monotone decreasing sequence. We list the first five of 
them: 


-7.5... , -11.7... , -14.0... , -15.5... , -16.6... . 

The theorem implies that for j large enough the sequence must also be decreasing and gives an 
idea about the rate with which the sequences {qj} and {yj} tend to their limit values. 

Acknowledgement. The author has discussed partial theta functions with B.Z. Shapiro 
during his visits to the University of Stockholm and with A. Sokal by e-mail. V. Katsnelson has 
sent to the author an earlier version of his paper [7]. To all of them the author expresses his 
most sincere gratitude. 

2 Plan of the proof of Theorem [1] 

For q E (0, qi) the function 6{q ,.) has only simple negative zeros which we denote by where 
• • • < ?2 < < 0 (see [Hj and m)- The following equality holds true for all values of q E (0,1) 

(see [^): 


OO 

^{q,x) = '[l{l-x/Cj) (4) 

i=i 

For g E [^i, 1) the indexation of the zeros is such that zeros change continuously as q varies. 

For q E (0,gi) all derivatives {d^9/dx^){q, .) have only simple negative zeros. For k = 1 this 
means that the numbers tg and Wg, where the function 9{q, .) has respectively local minima and 
maxima, satisfy the string of inequalities 

• • • < tg+i < .^28-1-1 < Wg < f,2s <tg< f2s-l < • • • < 0 . (5) 

The above inequalities hold true for any q E (0,1) whenever ^ 2 s-i is real negative (which implies 
that this is also the case of for j > 2s — 1). 

Lemma 2. Suppose that q E {qj,qj+i] (we set % = 0). Then for s > j -|- 1 one has tg+i < Wg/q 
and Wg < tg/q. 

Proof. Equality ([T]) implies 

{d9/dx){q,x) = xq‘^{d9/dx){q,qx) + 9{q,qx) . (6) 

When qx = tg and s > j -|- 1, then 9{q,ts) < 0, {89/dx){q,tg) = 0 and {89/dx){q,tg/q) < 0. 
Hence the local maximum is to the left of or exactly at tg/q, i. e. Wg < tg/q. 
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In the same way if one sets qx = Wg, one gets 9{q,Ws) > 0, [dO/dx){q,Ws) = 0 and 
{89/dx){q,Ws/q) > 0 and hence tg+i < Wg/q- □ 

Notation 3. (1) In what follows we are using the numbers Ug := —and Vg := . 

(2) We denote by fg the solution to the equation 9{q,Ug) = 0 and we set Zg := — 

Remark 4. For s sufficiently large the equation 9{q, Ug) = 0 has a unique solution. This follows 
from part (2) of Lemma fT5l 

It is shown in [9] that 


■ ■ ■ < U < U 2 < ^3 < -q ^ < 6/9 < < Ci/q < -q ‘^ < C 2 < ui < < -q ^ < 0 . ( 7 ) 

These inequalities hold true for q > 0 sufficiently small and for any g G (0,1) if the index j of 
is sufficiently large. 

Comparing the inequalities ([5]) and ([7|) we see that .^ 2 s+i < Wg,Vs < ^ 2 s and ^ 2 s < tg,Us < 
^ 2 s-i- In this sense we say that a number Ug (resp. Vg) corresponds to a local minimum (resp. 
maximum) of 9{q ,.). 

We prove the following theorems respectively in Sections [5] and [3) 

Theorem 5. The following asymptotic estimates hold true: 


fj = l-Ti/2j+ {\ogj)/Sf+ h*/f+ o{l/f) 


Z- = _e7rg-(logi)/4j+a*/j+o(l/j) 


( 8 ) 


where b* G [1.735469700 ... , 1.756303033 ...] 


and 


a* = — 2b* + 7r^/4 


hence a* G [-1.830603128 ... , -1.788936462 ...] . 

Theorem 6. For j suffieiently large one has 0 < rj < qj < < 1. 

Theorem [1] follows from the above two theorems. Indeed, as 


1 - 7r/2j + (logj)/8j^ + 0(l/j^)) = fj < qj and 
1 - 7r/2(j + 1) + (log(j + l))/8(j + 1)2 + 0(1/(j + 1 ) 2 ) = fj^^ > qj 

one deduces immediately the equality = 1 — 7r/2j + o(l/j) (A). It is also clear that fj+i = 
1 - 7r/2j + (log j)/8j2 + 0(l/j2). 

To obtain an estimate of the term 0(l/j2) recall that 

fj = 1 — 7r/2j + (log j)/8j2 + + o(l/j2) hence 

fj+i = 1 - 7r/2j + (log j)/8j2 + {b* + TT/2)/f + o(l/i2) 

(we use the equality l/(j + l) = 1/j — 1/j{j + l)). This implies gj = 1 —7r/2j + (log j)/8j2+6/j2 + 
o(l/j2), where b G [b*,b* + 7r/2] hence b G [1.735469700... ,3.327099360...]. The quantities a 
and a* are expressed by similar formulas via b and b* , see Theorems [U and [5l This gives the 
closed intervals to which a and a* belong. 

Section 0] contains properties of the function used in the proofs. At first reading one can 
read only the statements of Theorem [TO] and Proposition [11] from that section. 
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3 Proof of Theorem [6] 


We prove first the inequality fj < qj. When q increases and becomes equal to a spectral value 
qj, then two negative zeros of 9 coalesce. The corresponding double zero of 0{qj,-) is a local 
minimum. It equals tj. Hence for some value of q not greater than qj one has 6{q, Uj) = 0. This 
value is rj, see Notation [3l 

To prove the inequality qj < fj+i (*) we use a result due to V. Katsnelson, see [7j: 

The sum of the series (considered for q G (0,1) and x complex) tends to 

1/(1 — x) (for X fixed and as q ^ 1~) exactly when x belongs to the interior of the closed Jordan 
curve G [—7r,7r]}. 

Hence in particular 6{q, x) converges to 1/(1 — x) as g ^ 1“ for each fixed x G (—e^, 0]. This 
means that for j sufficiently large one has yj < —23 (because the function 1/(1 — x) has no zeros 
on (—00,0] and 23 < e^). 

Proposition 7. For j sufficiently large one has 6{qj,Vj) > 1/3. 

Before proving the proposition we deduce the inequality (*) from it. Recall that qj > qi> 0.3. 
Using equation ([I]) one gets 


6{qj,Ujj^i) = 1 + qjUj+i9{qj,Vj) < 1 — 0.3 x 23 x (1/3) = —1.3 < 0 . 

Hence for q = qj the value of 0(g, Uj+i) is still negative, i. e. one has 9{q,Uj+i) = 0 for some 
value q > qj- 

Proof of Proposition We deduce the proposition from the following two lemmas: 

Lemma 8. Suppose that the quantity Vj is computed for q equal to the spectral value qj. Set 
:= - Vj{qj))/{-q~'^^ + q~‘^^~^)- Then limj^ooS^ = 1/2. 

The next lemma considers certain points of the graph of 6{qj,.). Recall that 9{qj,Wj) = 1 
because for q = qj one has 6{qj,tj) = 0, Wj = tj/qj and by equation ([T]) 9{qj,Wj) = 1 + 
qjWje{qj,tj) = 1. 

Lemma 9. The point (vj,0(qj,Vj}) lies above or on the straight line passing through the two 
points {-q~‘^\9{qj,-q~‘^^)) and {wj,6{qj,Wj)) = {wj,l). 

The two lemmas imply that for j sufficiently large the following inequality holds true: 

^(qj^Vj) - 9{qj,-qJ^^) > Ej{e{qj,Wj) - ^(gj,-g)"^^)) > (1/3)(1 - 9{qj,-qj"^^)) . 

Hence 9{qj,Vj) > 1/3 + (2/3)0(gj, —g”^-^). It is shown in [9] (see Proposition 9 there) that for 
g G (0,1) one has 9{q,—q~^) G (0,g^), s G N. Hence 9{qj,Vj) > 1/3. □ 

Proof of LemmalE It is clear that {—q~‘^^ — Vj{qj))/{—q~‘^^ + qJ^^~^) = y^(l —y^)/(l —gj) = 
^fqjjiX + \fqj)- As j —)• oo one has qj —)• 1 and the above fraction tends to 1/2. □ 

Proof of Lemma 0 We are going to prove a more general statement from which the lemma 
follows. Suppose that < X 2 < xi < xq < —g“^^ < —1 < 0 for some s G N. Set 0(g, xq) = C, 
0(g, xi) = B, 0(g, X 2 ) = A. Suppose that A > B > C > 0 and A > 1. We use the letters A, 
B and C also to denote the points of the graph of 0(g,.) with coordinates (xq, C), (xi, B) and 
(X2, A). 
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We prove that the point B is above or on the straight line AC. 

Indeed, suppose that the point B is below the straight line AC. Then 

(f) 

|Xi-Xo| \X2-Xi\ 

Consider the points {xQ/q,C'), {xi/q,B') and {x 2 /q,A') of the graph of 0{q,.). Equation ([U 
implies that 

C" = 1 + xoC* , B' = 1 + xiB , A' = 1 + X 2 A . 

In the same way for the points {xq/ q^,C''), {xi/q^,B") and {x 2 jq^,A'') of the graph of 6{q,.) 
one gets 


C" = 1 + ^C' B" = 1 + ^B A” = 1 + ^A' 

q q H 

( 10 ) 

H H q H q q 

It is clear that ^ 2 / 9 ^ < xi/q^ < x^jc^ < —By Lemma[2]one has 

< ts+ijq < Wsl(i‘ < X2/g^ < . 

The inequalities A > B > C > ^ and X 2 < xi < xq < — 1 imply A' < B' < C, see ([TU]) . As 

A > 1 and X 2 < —1, one has A' < 0. Therefore A" = 1 + (x 2 /^)A' > 1. 

It follows from tCs+i <X 2 lq^ < xijq^ < x^/q^ < —that B" > 0 and C" > 0. (Indeed, 
6{q,x) > 0 for X G —q~^^), see [9|.) If B' < C' < 0, then X 2 < xi < xq < —1 implies 

A" > B” > C", see (fTO]) . If B' < 0 < C", then again by (fTOj) one gets A" > B" > C". 

If 0 < < C', then one obtains A" > B” and A" > C. If B” < C, then the point B” 
lies below the straight line A!'C''. In this case one can find a point {x\/(f‘, Bj') of the graph of 
6[q, .) such that 


< X2/q^ < x\/q^ < xi/q^ < xo/q^ < —g ^ —1 < 0 , A" > Bj' > C" > 0 

and the point Bj' lies below the straight line A''B''. 

Suppose that A” > B" > C" . We show that the point B" is below the straight line A"C" . 
This is equivalent to proving that 

jxi/q) + {xl/q)B - (xp/g) - (xg/g)C ^ {x 2 /q) + {xllq)A - (xi/g) - (xf/g)B 
|xi-Xo|/g^ \x2-xi\/q^ 

or to proving the inequality 

B(xi/xo)|x 2 - Xol - C\X 2 - Xi| - A(x 2 /xo)|xi - XoI < 0 . (11) 

Inequality Q can be given another presentation: 

i3|x2 — Xol — C\x 2 — xi| — A|xi — Xol < 0 . (12) 

One can notice that inequality (|lip (which we want to prove) is the sum of inequality p2p 
(which is true) and the inequality 
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B \x2 — xol — ^ \xi — xol < 0 . (13) 

So if we show that inequality (fT^ is true, then this will imply that inequality (fTTl) is also true. 
Recall that X 2 < < xq < 0 and A > B > C > 0. Hence inequality (fT^ is equivalent to 

B{\xi\ + |xo|) - A{\x 2 \ + |xo|) < 0 

which is obviously true. We set Bj' = B" and x\ = xi. 

For s E N we define in the same way the three points (xf/g^*, and 

{x 2 /q ^‘^by the condition that they belong to the graph of 0(g,.), Ws < X 2 /(?^* < x\/q^^ < 
xo/q^^ < —q~‘^^-i > 0 and the point lies below the straight line 

j^{2s) (j{2s) _ 



Figure 1: Part of the graph of a partial theta function and the points A, B, C and C". 

This implies that the graph of 6{q ,.) has on each interval E N, at least 

0{4:N) inflection points, twice as much as 0{2N), the one that should be. (This contradiction 
proves the lemma.) Indeed, on Fig. [T]we show part of the graph of 9{q ,.) as it should look like 
(the sinusoidal curve) and the points C, B, A and C". If the point B is below the straight line 
AC, then the change of convexity requires two more inflection points between a local minimum 
of 6{q ,.) and the local maximum to its left. □ 
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4 The function 'ijj 


In the present section we consider the function ipiQ) := 1 + ■ It is real-analytic 

on (—1,1). This function has been studied in [8] and the following theorem recalls the basic 
results about it. Part (1) is a well-known property while parts (2) - (7) are proved in [8]. 


Theorem 10. (1) By the Jacobi triple product identity the function V' can be expressed as follows 
(see m, Chapter 1, Problem 56): 



(14) 


(2) The function ip is decreasing, i.e. ip' < 0 for all q E (—1,1). 

(3) For the endpoints of its interval of definition one has the limits lim^^]^- 'ip{q) = 0, 

'ip{q) = -Foo. 

(4) The function ip is flat at 1, i.e. for any I E N, ip{q) = o{{q — 1)^) as q ^ 1~. 

(5) The function ip is convex, i.e. ip" > 0 for all q E (—1,1), with equality only for q = 0. 

(6) Consider the function T{q) := {q—l)logip{q). It is increasing on (0,1) and T{q) = 

jA. This implies that for any ^ > 0 there exists <5 > 0 such that < f^{q) < for 


q£ (l-d,!). 

(7) As q ^ —I"'', the growth rate of the function ip satisfies the conditions ip{q) = o{{q 
and {q + 1)“/V’(^) = o(l) for any a E (—1,0). 

Set T) := 1/2 -|- log 2 -|- 7r^/8 = 2.426847731_ Property (6) can be further detailed: 

Proposition 11. For q close to 1 the function r is of the form 


T = 7r^/4 -I- (1/2)(1 - q) log(l - q) - K{1 - q) + o{l - q) with 


K e[D,D + 1/12] = [2.426847731... , 2.510181064 ...] . 


Hence ip = ei-^ = e'^(l -|- o(l)) {1 — q) 2 e4(<j-i). 

Proof. The logarithm of the jth factor of the right-hand side of formula (|14l) equals 



(15) 


This means that 



( 16 ) 



q2k-\-i 


Hence r(g) := {q - 1) logip{q) = 2 Ck{q), where 
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Lemma 12. For q E (0,1] the following inequalities hold true: 


g2^+V(2A: + 1)^ < Ck{q) < q^^^/{ 2 k + if 

with equalities only for q = 1. 

Proof of Lemma \1^ The inequalities result from 1 + g + • • • + q"^^ <2k + l and + q^~^ > 2q^ 
hence 1 + g + • • • + q^^ > {2k + l)q^ (with equalities only for g = 1). □ 

The above lemma gives the idea to compare the function r (for g close to 1) with the function 
h{q) := /{‘2k + 1)^. The lemma implies the following result: 

h{q^)/q < T{q) < h{q) , (r(g) = h{q)) (g = 1) (17) 

Our next step is to compare the asymptotic expansions of the functions r and h close to 1: 
Lemma 13. For q close to 1 the following equality holds: 

h{q) = 7r^/4 + (1/2)(1 - g) log(l - g) - D{1 - q) + 0((1 - g)^ log(l - g)) (18) 

Proof of Lemma m Notice first that lim^^i- r(g) = h{l) = vr^/l and that h = hi + / 12 , where 

00 CXD 

hi-.= 2'^q^+^/{2k + l){2k + 2) and /12 := 2 ^ g^+V(2fc + 1)2(2A: + 2) . 

k=0 k=0 

Equation (fT^ implies log((l + g)/(l — g)) = 2 g^^+^/(2A: + 1). Integrating both sides of 

this equality yields 

CO 

(1 + g) log(l + g) + (1 - g) log(l - g) = 2 ^ q‘^^^^/{2k + l){2k + 2) . 

k=0 

Thus hi = (1 + g^/^) log(l + g^^^) + (1 — log(l — g^^^). The first summand is real analytic 
in a neighbourhood of 1 and equals 2 log 2 — (1/2)(1 + log2)(l — g) + 0((1 — g)^)- The second 
one is equal to 

[ (1 - 9)/(l + q^^f ] (log(l - g) - log(l + g^/2)) 

(1 - 9 ) [ ( 1/2 + 0(1 - q)) log(l - g) - (log(l + g02))/(i + gV 2 ) ] 

(1/2)(1 - q) log(l - g) - (l/2)(log 2)(1 - g) + 0((1 - qf log(l - g)) . 

About the function /i 2 one can notice that there exist the limits lim^^i- /12 and lim^^i- (the 
latter equals tt^/S). This implies formula (|18l) . □ 

Lemma 14. For q E (0,1) it is true that 

h{q) - Tiq) < f - q)/'^2. ( 19 ) 

Proposition 1111 results from the last two lemmas. □ 


Proof of Lemma \Tf\ To prove formula (fT9l) set R := l/(2fc + 1)^(1 + g + • • • + and Si := 
\ + q + ■ ■ ■ + qK Hence 


1 


q 


k+l 


q 


2k+l 


2A: + 1 \2A: + 1 I + q + ■ ■ ■ + q 


2k 


(gfc+l(l _|_ g q2k^ _ _|_ l)g2fc+l)^ 

^ k—1 \ 

^(gfc+i+i q3k+i-j _ 2g2fc+i^ I ^ 

.j=o ) 

'k-\ \ 


^i=o 

-.k+li 


k-l 


q-\l-qf '^q^il + q+'-' + q 


k-j-U2 


R 


Kj = 0 

'k-l /k-j-l 

^fc+l(l_^)2 j ^ q'^ S2k-2j-2-2u I I R 

yj = 0 V 1^=0 2 

( 20 ) 


The sums Si enjoy the following property: 


(/ _ 1)5, > (/ + i),^5,_2 . (21) 

Indeed, this is equivalent to {I — 1)(1 + > 2g5;_2. The last inequality follows from 1 + q^ > 

q + q^~^ (i.e. (1 — g)(l — q'’~^) > 0) applied for suitable choices of the exponent r. Equation 
(1210 implies the next property (whenever the indices are meaningful): 

{l-2u + l)Si >{l + l)(?"5i_2. . (22) 

Using equation (|22p one can notice that the right-hand side of (j20p is not larger than 


P'a-P IE,' 


,1=0 \ u=0 

'k—1 /k—j—1 


2k -2j -1 


R 


< ,‘■'‘(1 -,)M EI E 


,j=0 \ u=0 
k—1k—j—1 


2k -2j -1 


2k-1 


- -<!)ME E I R 


= q 


1=0 u=0 
'k-l 


2k - 1 




J=0 


2k-I 


= q’^^Hl-q) 
< qHl-q) 


2 k(k -\- l)(2k -|- 1) S2k—2 
6(2fc-l)(2fe + l)2 S2k 
2 + 1 ) 


R 


6(2A;-bl)2 ■ 

At the last line we used property (1211) with I = 2k. The last fraction is less than 1/24. Hence 
h{q) - T(q) <(\-qf JlZo 9Vl2 = (1 - 9)/12. □ 
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5 Proof of Theorem [5] 

We follow the same path of reasoning as the one used in m- In this section we use the results 
of [To] and [8]. Set 


Xsiq) ■■= , Xsiq) ■■=Xs{q)/q^^" = ^ . 

j=2s j=2s j=0 

The equation 6{q, = 0 is equivalent to (see ini) 

^|;{q^/‘^) = \,{q) = q^^^Xs{q) ■ (23) 

The following lemma is also proved in |10] : 

Lemma 15. (1) One has lim^^i- Xs{q) = limq^;^- Xs{q) = 1/2- 

(2) For s E N sufficiently large the graphs of the functions 'tp{q^^‘^) and Xs{q) (considered for 
q £ [0, 1]) intersect at exactly one point belonging to (0,1) and at 1. 

(3) For q E [0,1] the inequality Xs{q) > As+i(( 7 ) holds true with equality for q = 0 and q = 1. 

(4) For q E [0,1] one has 1/2 < Xs{q) < 1- 

Part (2) of the lemma implies that for each s sufficiently large the number is correctly 
defined. Part (3) implies that the numbers form an increasing sequence. Indeed, this follows 
from '4>{q^^‘^) being a decreasing function, see part (2) of Theorem 1101 

Recall that the constant K was introduced by Proposition [11] Set q := fs = I — hg/s. 
Consider the equalities (1231) . The left-hand side is representable in the form 

e^(l + o(l)) [ (1 - , 

see Proposition 111! Hence log 1 /( 9 ^^^) is of the form 


{TT'^/4:){-s/hs){2 - {l/2){hg/s) + o{hs/s)) - (1/2) log(/is/s) -h (1/2) log 2 K + o(l) 

= /2){s/hs) + (1/2) log s - (1/2) log hs + L + o(l) , 

where L := K -\- (1/2) log 2 -|-7r^/8. The right-hand side of (f^ equals (1 — hg/s)^^^Xs{^ — hg/s). 
Hence its logarithm is of the form 


(2s2)log(l - hg/s) + log(y^(l - hg/s)) = -(2s'^){hg/s + hl/2s^ F 0{\/s^)) - log 2 o(l) 

= -2shg - {hg)‘^ — log 2 -I- 0 ( 1 ) . 

(we use Xs = 1/2 -|- o(l), see part (1) of Lemma [T^ hence log/i^ = log(7r/2) -|- o(l)). Set 
hg := 7r/2 -|- dg. Hence dg = o(l), see equality (A) after Theorem [U] and 

-(7r2/2)(s/(7r/2 -h dg)) + (1/2) logs - (1/2) log(7r/2) + L + o(l) 

= -2sffi/2 -I- dg) - (7r/2 -|- dg)^ - log 2 -|- o(l) 
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or equivalently 


(24) 


-{'k‘^/2)s + ( 7 r /2 + 4)((log s)/2 - (log( 7 r/ 2))/2 + L) + o(l) 

= - 2 s( 7 r /2 + ds)^ - (vr/2 + dsY - + dg) log 2 + o(l) 

The terms — 7 r^/ 2 s cancel. Hence 

{{tt/ 2 + dg)/2) log s = —2s7rdg — 2s{dg)'^ + 0 ( 1 ) 
i.e. dg = —((logs)/ 8 s)(l + o(l)). Set dg := —{logs)/8s + gs. Using equation (IMl) one gets 

-(7r‘^/2)s + (7r/2 - (logs)/ 8 s + c/ 5 )((logs)/2 - (log( 7 r/ 2))/2 + L) + o(l) 

= -2s(7r/2 - (logs)/8s + ffs)^ - {tt/2 - (log s)/8s + 5 ^)^ - (7r/2 - (log s)/8s + ff^) log 2 

(25) 

To find the main asymptotic term in the expansion of gg we have to leave only the linear terms 
in gg and the terms independent of gg (because gl = o{gs)). The left-hand side of equation ([25]) 
takes the form: 

-{'k‘^/2)s + (7r/4)(log s) - (7r/4) log(7r/2) (7r/2)L -h 5s((log s)/2)(l -h o(l)) o(l) . 

The right-hand side equals 

-2s(7r/2)^ -h 7r(logs)/4 - 2sTTgg - vr^/S - (STr^/d)^^ - (7r/2)log2 - 5slog2 -h o(l) . 

The terms s and log s cancel. The remaining terms give the equality 

(((log s)/2)(l -h 0 ( 1 )) -h 2s7r -F 0{l))gs 

= (vr/4) log(7r/2) — (7r/2)L — 7r^/8 — (vr/2) log 2 -|- o(l) . 

Hence gg = (l/s)(M -|- o(l)), where 

M := (log(7r/2))/8 — L/4 — vr^/lG — (log 2)/4 = (log(7r/8))/8 — L/4 — vr^/lG . 

Now recall that 

L = K+ {l/2)\og2 + TT‘^/8 and K € [2.42G847731... , 2.5101810G4...] . 

Hence M =-b* = (log(7r/16))/8 - 37rV32 - K/i, so b* G [1.735469700 ... , 1.756303033 ...]. 

Thus we have proved the first of formulas ([8]). To prove the second one it suffices to notice 
that 

= _(f,)-2*+V2 = _ ^/2s + (log s)/8s2 + b*/s‘^ + • • .)-2^+l/2 . 

Set <1> := tt/2s — (logs)/8s^ — -)-•••. Hence 

— _g(-2s+l/2) log(l-<I>) _ _g(-2s+l/2)(-$-<I>2/2-) _ _g7rg-(logs)/4s-|-a*/s-|--- 

with a* = -vr/d - 2b* -h 7rV4 G [-1.830603128 ... , -1.788936462 ...]. 
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